/Model Questions
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September 2010 A_ 1% Quiz #

4 1
e

Test the following series for convergence

- Ln(n) - = 1
2. n Z T2n) ém

n=2 =

Dr. Eng. Khaled EL Naggar

September 2010 A_ 1% Quiz @

y \
s

Test the following series for convergence

2 2n2+1 ~
2, Z[ 21 Z(Zn =]

October 2010 2 Quiz

+Y =1 tisthe parameter

1- Find Envelope of f(X, Y, t) 1t

2- Find the dimensions of the rectangular box with the largest

volume if the total surface areais 64 cnm?.
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October 2010 AN 3" Quiz
1- Test the following series

— tan—1n — 1 — 1 1\n2
. ()@ oy
nZ::Z 1+ n2 nZlnS” nzl 2 n

2- Classify the following series

(1) n2 2 oon-)™" & (1) (n+)
Z 2 s 2 &

“ n2+3 “~ 4n®-3

3- Find interval of convergence

= 3" x (-1)" x”(n')2 es 3"
n; Z 2. (n2+1)(x-2)"

n=1

n-1

October 2010 4™ Quiz
1- Find interval of convergence for the following series:

1y, 2 44, 6

4 & 0 (6
16~ T8@0)" T20(252)" T

2- Test the series Z COS:S/TE)
n=1 n

3- Expand using Taylor the function f(x,y) = (x +y)sinxy
about (1,0)
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A2 5" Quiz

1- Solve the following differential equation

October 2010

dy __xy W _gi2ey2i2y2 Ay 2XH3y+7

dX  x2+y2 gt dx 4x+6y+28

2- Find the first and second derivatives for the function
xcos(xy) + €Y =0
3- Find all relative extrema and saddle points for
f(x, y) = 3x? + y? +9x-4y+6
Dr. Eng. Khaled &L Naggar
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December 2010 A 12" exam

1- Determine if the following series is convergent or

5n-3n°"  $°5"+7" 2 (-)™
divergent: A
Ve Z[7n3+2 ’ ;3%2” ’ nZ::l n2"

2- Find the critical points of the function
f(x,y) = x>+ x y*-3x*-4y*+ 4
3- Solve the following differential equations:
8) (y + In(x))dx +( x+y*) dy = 0 b) y = (y/2x) - (xy)

0y +y=1+tanx d)y +2y + 2y = & sin’(2x)

4- Solvethe D.E. y - xy =x+4 using series solution about

X=Xo

5- Find grad (div(curl U) given u = (xy + z tanx)i + X°y€’j
— (y sin(xz))k

Dr. Eng. Khaled &L Naggar
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December 2011 ) Mid term exam

AN

=

Correct the wrong statements g|V| ng the reason

a If lim U,=0, then the Series OZO; U, is convergent.
N—o0 n=1

b) The Series § Pnisconvergentif | Pl <1.
n=1

=R % ) L .
c) The Series ( IS conditionally convergent.
) 21 20 ) Y COnVers

d) The differential equation (y™)* + (y')>+y = 0 of order 2
and degree 5.
e) The envelope of straight line xcosa +ysina. = P isacircle
with center (o, o).
f) The minimal distance of the point (0,0,-1) from the plane
given by z=2x-y+ 1is(-2/3, 1/3, 4/3).
g) The integrating factor of the differential equation
xy dx + (x> +y) dy = 0isx.

Or. Eng. Khaled & Naggar
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Model answer
a)Wrong, since the series § U, may be divergent if nI|_r)n U, =0,
n=1 ®

e.g. Z |sd|vergentandl %:O.

b) Correct, since Z p" is convergent if 0 < P < 1 while E P" is
n=1 n=1

absolutely convergent if -1< P < 0.
1 1

¢ Wrong, Uy=—5——— and U_,.=——=——, therefore
) g n 42n+1(n+1) n+l 42n+3(n+2)
Up>U_.. and lim 1 0 and Un:#is
n+l 42n+1(n+1) 42n+1(n+1)
© ()"
convergent, thus Z 2D Is absolutely convergent.
=14"(n+1)

d) Wrong, The D.E. (y)?+ (y")°+y = 0 of order 2 and degree 2.

e) Wrong, since the envelope is x* + y* = P? which is circle with

center (0,0).

f) Wrong, f(x,y,2) = x* + y* (z+1)* , ¢(xy,2) = z-2x+y= 1 and
= Aoy fy= Apyandf= A ¢, ,therefore x = -2y and z = y-1, thus

the nearest point is (-2/3, 1/3, -2/3) and the minimal distanceis \% :

g) Wrong, The integrating factor of the differential equation
xy dx + (x> +y) dy = 0isy.
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Faculty of Engineering Engineering
(Shoubra) Yo M athematics and
Benha University 1% year Production Physics Department
Timeallowed: 3hours M echanical Department 16" of January 2011
Question 1
a Test the following series for convergence:
o0 n n o0 n 0
i 5 +7 .. (-1 "
| I 1l —
) 25 ) L3y ) Lo

b- Find minimal distance of the point (O, 0, -1) from the plane given by
z=2x-y+1

c- Solve the following differential equations:

i) (y + In())dx +( x+y?) dy = 0, i)y~ +y = sec(x),
i)y = (y/2x) - (xy)®

Question 2

a Given R=(X, Yy, z) sothat r = IR | = \x>+y?+2z? . Show that V (")
=nr"? R, for any integer n, then deduce grad (r), grad (), grad (1/r).

b- Define: Sequence - Cauchy sequence — Order and degree of D.E. —
Homogeneous function — Homogeneous D.E.
c- Verify Green’s Theorem to evaluategxy dx + x%y3dy , where cis the

triangle whose vertices (0,0), (1,0), (1,2) with positive orientation.
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Question 3
X +

y
a Expand the function f(x, y) = tan'l(x_y) using Taylor series

about (0,1)
b- Solvethe D.E. 9x*y - (4+x) y = 0 using series solution.

c- Solve the following differential equations:

) dy _X+y+3

.. s N _ X .2
o~ X—yil )y + 2y + 2y = € sn(2x)

lii)y "~ +5y + 6y =2-x+3x

Question 4

a Find envelope of the function f(x, y, t) = 1

:—|-|><

Y
"1t
b- Convert y™ + ¢(x)y = y(x)y"into linear D.E.

c- Evaluate the following integrals

2J4-x2 (1-2)

) [ | xP+y?dydx, i) [ (x+3y)dx+(3x—2y)dy, the
2 0 (0,0)

contour is y*+5x*+3x =0

Question 5

a Determine the critica points and locate any relative minima,

maxima and saddle points of function f defined by
fx,y)=-x"-y*+axy
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b- Find the volume of the parallelepiped spanned by the vectors
u= (10,2 v = (0,2,3) w = (0,1,3)

If F=(x%, yz, x + 2). Find (i) curl curl F; (i) grad div F

c- Find interval of convergence for the following power series
o o & ne™

i
nZ:: (n +1)(x 2)" )nzzl x"

Dr. Eng. Khaled &L Naggar

Answer of Question 1

n+1

5
3n+1 n+1 )( 5 +7

ai) By ratio test, we get that lim ( n)

n+1

lim (5’ L)
R NIE

n+1

n n n
?—n sn _Tjn]: 713 > 1, therefore the series is

divergent. (3 marks)

1 - 1 1

W,J}mm:o,urﬁl = hence

i) Let U= 3n+1((2n+2)|)2’

1

U, > Uny . By using ratio test, we will get that 23”(2n')2

(- ) 1
convergent, so E — = __ jscalled absolutely convergent. (2 marks
J 4 31(2n!)? y J ( )
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n

N = _ o _ _ _
iii) Since|————dn=(tante") =tanlw-tante=-tante, thus
Jl.e2“+1 1

© n
Zeﬁ—ﬂ is convergent. (2 marks)
n=1

b) Let the point on the planeis (X, y, z) and f(x, y, Z) = x* + y* + (z+1)?
Is the square of the distance between (0, O, -1) and (X, vy, 2), aso
d(x,y, 2) =z-2x +y =1 By applying conditional extrema, we get
fi=h oy, f=A by, f,=0 0, thus2x = A (- 2), 2y = A (1) and 2(z+1)
= A (), therefore x =-2y and z = y-1. Substitutein ¢ (x,y, z) =z - 2x
+y =1 sotha (-2/3, 1/3, -2/3) is the point on plane and the minimal

distance from point (0, 0, -1) = /2/3. (7 marks)

ci) (v + In())dx +(x+y?) dy = 0 is exact D.E. since %—“y”=2—§= 1,

therefore%: M(X,y)= (y + In(X))=f(x,y) = xy + xLn x = x + ¢(y),
of

thus - X+0'(y)= x+y% hence ¢(y) = y  + 2y + 2y = &
sin(2x)y*/3, therefore f(x,y) = xy + xLnx —=x +y*/3+ ¢ (3 marks)

)y +y = sec(x) has homogeneous and particular solution so that the
characteristic equation is m? +1=0= m =-i, i, thus Y= (C; COSX + C;

sinx) and so the particular solution is:  yp = Uz(X) COSX + Ux(X) SinX,

and y1(x) = cosx, y»(x) = sinx where u,(x) =—| #();))dx ,
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Uy (%) =I$()§,))dx, where W(y,.y,) = Y5y, —Y,Y; =1, g(x) = secx,

SINX secx

thus u, (x) =~ 1

COSX SECX
dx=Lncosx & u,(x) :j#dx =X

(2 marks)

iii) y'=(y/2x) - (xy)® is Bernoulli D.E., thus y3y'- y%2x= - x3. Put
z=y?’= 7=-2y3y =7+ 2z/x = 2x* which is linear D.E. whose
solution is zx = -2 X’/ 5+c, so xy 2= -2 x°/ 5+c is the solution of D.E.
(2 marks)

Answer of Question 2

aV (") =V (x2+y2+22)V2

=%(x2+y2+22)(”/2)‘1(2x7+2y]+ZZR ) =nrR

Atn=1= grad(r)::rl'ﬁ ,andat n=2 = grad (r) = 2R, finally at

n=-1=grad (1r) :-%ﬁ. (7 marks)
r

b- Sequence: group of elements related by general term whose domain

IS set of positive integers.

Cauchy Sequence: Every convergent sequence is called Cauchy

sequence.
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Order of D.E. : isthe highest derivative of D.E.

Degreeof D.E. : isthe power of the highest derivative of D.E.

Homogeneous function: f(x,y) is homogeneous of order n if
f(tx, ty) = t" f(x,y).

Homogeneous D.E. : is the D.E. in which the particular solution

equal zero. y (1.2) (7 marks)

C) I3

(00 o> X

If we express the problem in line integral, we have to divide the path
into three paths 1, :y =0, l,:x=1, l3:2x =y sothat dy =0,
dx =0, 2dx = dy respectively.

1
For path I1: | xy dx +x%ydy =[xy dx + x?y°dy =0
| 0
1

2
For path I: [ xy dx +x?y®dy = [y*dy = 4
[ 0

0
For  path I3[ xydx+x?y3dy = [[x(2x) + x*(2x)*(2)]dx = _1?‘?
I 1
Therefore[xy dx +x2y3dy =1, +1,+ |3:§ .
c

By using Green theorem
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1 y=2x
£ xy dx + x2y3dy = g (2xy®-x)dxdy= | [ (2xy°—x) dydx
x=0 y=0

1 5 2
= [ (8 —2x2)dx:§ (7 marks)
x=0

Answer of Question 3

Since f =t G ) then f=— Y f = X ¢
a Since f(x, y) = tan"x—y’, then X_x2+y2’ y_ma XX
Xy oo 2y N VS y2-x?
x2+y2)2" T (x24y?)2" T (x24y?)? T (x2+y?)?

P _ P S . _
At (0,1) f f(o,l) - _Z, fX - '1, fy— 0, fXX - fyy —m— 0, fxy— f

then by substituting in Taylor formula, f(x, y) = —% - X + X(y-1).

b- We note that the series solution at X = X, , X,# O still in regular

case, so that the solution can be expressed as below, but p(x) =0 &

q(x) = '(g+zx) are not analytic at x = 0, therefore x = 0 is called
X

regular singular since xp(x) & x2q(x) are analytic at x =0, then series

solution about x = 0 can be expressed in the form:
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y(x) = Z_‘éanX””, y'(x) = Z_;)(n +C) X",

y'(x)=3 (n+0)(n+c-1) ax™e?
n=0
Substitute in the above D.E. , so we get

9x2§:(n+c)(n+c—1)anx”+°'2 —(4+x)ianx”+c =0 =
n=0 n=0

Qi (n +c)(n +c-1) anX”+° -4 Z aan+C _ Z anxn+c+1 =0
n=0 n=0 =0
Put n = m-1 for the 3% term, n = mfor 1 & 2™ terms, we get
[9C(C-1)-4] 30XC + i ([g(m +c)(m + C-l) _4]am -a_, )Xm+c =0
m=1

By comparing of coefficients of x°, therefore [9c(c-1) -4] a = O,
a7 0, then 9¢(c-1) -4= 0, from which ¢,= -1/3, ¢, = 4/3, therefore
ci- C, #integer (case 1). By comparing of coefficients of x™°,

_ Ama
therefore a, = gm+o)m+c-1)-4"

Atc=-1/3, a. = m  m=12
&m 9m?-15m
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6 6 36 (36)2
3 1y 1.2 1 3
= 1-=X - = X“-
A = 4 :& = i = i:i
te=48 an=goiem @ " 24 ® 7 65 1584’
= % - ao = x*3 iX + —1 X2 +
% = 155 -1g05e4’ erefore V() = x & [+, X + o
1 3 _ 13 1 1,2 1 3
X+ ....],thus Y(X) = A 1-=X - = X% - +
199584 I thus Y(x) = Aaox ™ [1- % - 55 (36)°
L] +BxX®a [l x+ kX241 x3, 4 (7 marks)

24 1584 199584

ﬂ:x+y+3

c- i) Since o~ x—y+l

Is non homogeneous equation. To solve this

differential equation, we have to follow these steps

(1) We have to get the point of intersection between x+y+3=0,
X-y+1=0 whichis (-2,-1),
(2) Put x = X-2,y = Y-1, dx = dX, dy = dY in the above differential

dY X+Y

ation, then — =2~
equat X~ X-Y

, SO it is a homogeneous equation,

vaX+Xdv X +vX 1+v
dX  X-vX 1-v

(3) PutY =vX & dY =vdX + Xdv,thus
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dX _ (1-v)dv Y y+1

(4) Integrate X Ty , then put X=x+2, v= X =% 2sothatt the

solution of the differentia equation is Ln(x+2) = tan'l(%) -
+1)% +(x+2)?

((y () é)z )y +C (3 marks)

i) y© + 2y + 2y = € siny2x) has homogeneous and particular
solution so that the characteristic equation is m® +2m+2=0 =

m = -1+i, thus y4= €™ (c,c0sx+ C, sinx) and so the particular solution

) 1 . 1
is = ___—  _edn?®x= = (Z)(1-cos2x
yp DZ12D+2 D2+2D+2(2)( )
€ 1 (8sin2x +cos2x)
AL &5 (2 marks)

i)y + 5y + By = 2-x+3x* has homogeneous and particular solution
so that the characteristic equation is m? + 5m+6=0= m = -2, -3, thus

yu= C€% + ¢, €®and so the particular solution is yp =

1 _ o 1, D?+5D\ 1., n_ 1, >
D2+5D+6(2 X +3X )_6(1+ 5 ) (2—x+3x )_5(6 6X+3X°)
(2 marks)
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Answer of Question 4

a Differentiate w.r.t. t such that —x/t* — y(1-t)%(-1) = 0, thus t=

¥
L,& 1-t=_ VX
1iﬁ L\/V

X X

(7 marks)

,thustheenvelopeis(li\/g) (x t/xy )=1

b- A differential equation of Bernoulli typeiswrittenas y + ¢(X)y
= y(x)y"

This type of equation is solved via a substitution. Indeed, let z=y*™",
then easy calculations give z = (1-n) y "y  which implies

$+ (1-n)p()z = (1-N)g(x). (7 marks)
2~4-x2
c-i) Putx=rcoso,y=rsino,therefore[ | x?+y?dydx =
2 0
27 5 8
[[redrdo==n (3 marks)
00 3

i) Since P,= 3 = Py, therefore the integral independent on the path,

thus we can take the path as the line joining between the two end

points such that y = -2x, hence dy = -2dx, therefore
(1-2) 1

[ (x+3y)dx +(3x—-2y)dy= [-19x dx =-19/2
(0,0) 0
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Answer of Question 5

a f,=-4 x>+ 4y = 0, f,=-4 y*> + 4x = 0, therefore y = x°, substitute in
one of the two equations, hence (0,0), (1,1), (-1,-1) are the critical
points and f,, = -12 X%, f,,= -12 %, f,, = 4. At (0,0), A=-16 <0
(saddle point) and at (+1, +1) , A= 128 > O, fy, fyy <0 (maximum

point) (7 marks)
1 0 2
b-Volume=uUe (VXW) =10 2 3=3
01 3
[ k
I N - N1
CurIF—VXF—@—X ¥y =-yi- |-X°K
X%y yz x+z
i j k
=_1|0 0 O |_mno L
Curl Curl F_a_x ey 5—2x1+k
iy -1 X2
DivF = 2xy+z+1, grad div F = 2yi+2xj+k (7 marks)
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n n+1l

c- i) Since U= 3 m & Upg = 3 T hence
(n*+1)(x-2) (N+1)>+1)(x-2)
n+1l n
Ty || s | s

| 13" (n+2)? +1)(x- 2)”1\_\((”+1)2+1)(X'2)\

IIrn| 3(n*+1) |_

now | (N+1)7+1)(X - 2)| lim <1 to be convergent, hence

(x- 2)

x-2>3, thus x > 5 or x < -1 is the interval of convergence.

(7marks)

ii) Since U, = ”f:z L and Uy = (n+])-()n?in+l) . hence the ratio
%L:J”: §:% n)E::l)nee(nﬂ) % Iné?z:}lgxi therefore im Ynal|_

I é?2n+1lzx 0«1, soz |sconvergent foral x. (3 marks)
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Faculty of Engineering Benha University
(Shoubra) @ Mechanical Department -
Engineering Mathematics & 1% year Production

Physics Department Timeallowed: 1 hour
Mid term exam 2011-2012
Namein Arabic: Section: B.N.
1) Solve 3 only of the following D.E.
. 2+ yexy .. X yy' ciey L2
Ny=-—"2=_—, 1) 1- - =0, I1)y>-xy+
)Y 2y —x& ) Z1y2 x4y ) Y-xy

. . < 2X-3y+9 NN “ .
X°y" =0, |v)y:%, V)y - 4y + 5y -2y =0

I1) Solve 3 of the following questions
1)  Test for convergence:

1
3 3" 3 4" 19" 3 2n(-1)"
“(@n+))" " &Z5"+11" & 4n?-3

ii) Expand the function f(x,y) = €Y cos(x+y) about (/4 ,7/4)

using Taylor expansion.

1) Find envelope of y=0ox + 1/ o

iv) Determine the critical points and locate any relative
minima, maxima and saddle points of function

f(x,y) =-x*-y* + 4xy. Dr. Eng. Khaled &t Naggar
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Quizl 1% year Production October 2011

. - w -
It lim Up =0, then the Series nélun IS convergent

(Correct if it iswrong)

Ans. Wrong because r]I|_r)r|oo U, =0 is necessary but not

sufficient condition for the series to be convergent.

o0

n
— [est for convergence
r,Z:“142””1(n +1) ( g )

2n+1
AnsUp=— N1 stheraio Yna - (N+D(n+1)4
4273(n+2) U, 42"+3(n4+2)n
.U 1 X n .
n+ _ -+
Thereforelim 0= 16 <1, thus ;—42”+1(n+1) is
convergent.

The series § Pnisconvergentif IPl > 1. (Correct if it is wrong)
n=1

Ans.Wrong because the series § P"is divergent if IPl > 1
n=1
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2n? +1
Z[ - +1 (Test for convergence)

2n%+1," 2n? +1 2n? +1
Ans. rI]ggo,/( n2+1) = lim (=5 - ) 2>1, thus Z[ 1

Is divergent

p— . —
If the %quence{un}n:1 IS convergent, thennll_r)noo U, =0.

(Correct if it iswrong)
AnsWrong because if lim U, =L e %, then the sequence

{U ”}(::1 is convergent

Z nev (Test for convergence)

Ans.jnenz dn:%IZne”2 dn=%(e”2)i0:oo, thus Zne”2
1 1 n=1

divergent
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The series S P is convergent if | Pl < 1. (Correct if it is
n=1

wrong)

Ans.Wrong because the series § P"is divergentif IPI<1
n=1

o0 2
4n~ +3n
(Test for convergence)
r;1\7/n5+n3
Ans.The series Zivn = nZ::1n9/7is divergent and A@OS—::A
o0 2
an~+3n
therefore Y ———= divergent
A= +nd

|f OzO: U, isdivergent, then lim U, # 0. (Correct if it iswrong)

AnsWrong asif lim U, =0, then § U, is divergent, and
N—o0 n=

if the series § U, may be divergent, then |im U,=0 or
n=1 N—o0

lim U, =0.
n—co
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2(1) e Find interval of
()2 (Find interval of convergence)

o0 1
(- 1) x2n _ (_1)n+ x2n+2
Ans.U,= Z ()2 & Unig ;22n+2((n+1)!)2, hence the

N\ 2n+2  92n (012 2
atio Vsl (T2 2O ||
\Un \2n+ (n+1))2 (-1) x2n\ 4(n+1
2
im0l = im -— X% |_0, i.e the series is convergent
n—» U, N—c0 4(n+1)2
for all x.

The series § nPis convergent if P < 1. (Correct if it is wrong)

n=1

_p_

Ans.Wrong because The series %o; n “isconvergentif P> 1

n=1
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i -1)" . . . .
(Classify this alternating series)

1 1

_ 1

Upet T (2n+2))2 hence U, > U1 , but

: _ 3N@2n)? :

r|1'_r>Uo Unr-:l _nﬂw3n+l((2n+2)!)2_0, therefore we will get
o1 o _(1)"

that —__— __is convergent, so _ is called
2 3 2ni)? J 2 32ni)?

absolutely convergent.

. . ® .
|f nll_r)rgO U, # 0, then series nélun is convergent. (Correct

if it iswrong)

Ans. Wrong because if lim U, =0, then series § U, is
N—00 n=1

divergent
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o0 n n
4 +9 (Test for convergence)
5" +11"

n=1

n+l n+l
4 9

then U 1 (4n+1 n 9n+1)(5n _|_11n)

AnsU,.1= :
n 5n+1 4 11n+1 U, ( 4" 19" ) (5n+1 + 11n+1)

_ 9™ (@9 +111" ((5/11)" +1)
o"((@9)" +n11™ (Y™ T U 11

0 4n+9n .
therefore > —— > is convergent.
n=1

5 +11
Faculty of Engineering (Shoubra) Benha University
Engineering Mathematics & Physics 4+ | Mechanical Department - 1%
Department A year Production
Mid term exam 2011-2012 Timeallowed: 1 hour
Namein Arabic: Section: B.N.

|) Solve the following D.E.

A * — 1 ’ '
y +3y +2y_m, y''+3y'—4y = x cosh3X,

y -4y +y + 6y =4sn2x
I1) Find the first four terms in each portion of the series
solution around x = O for the following differential equation
YU+ XY = X2
Dr. Khaled &L Naggar
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Benha University Final Term Exam

Faculty of Engineering- Shoubra = Date:14" of January 2012
Mechanical Engineering Mathematics 1

1%' Year Mechanical (production) Duration : 3 hours

1-a) Test the following series for convergence:

5n? 3n3 5n & n > g n?
Z[ 7n3+2 ’;42n+1(n+1)’ Zle2n+1’ Zm

n= n=1
(12marks)
1-b) Solve the following differential equations:
xsec?y dx = e*dy, Yy + ytanx = ycos’x, gz = ))((3'/::1)’
X(6xy + 5) dx +(2x> + 3y)dy=0
(12marks)

. (X+y) .
2-a) Expand the function f(x, y) = In'x—y’ using Taylor

Maclaurin and Taylor series about (0,1)

(8 marks)
2-b) Find the interval of convergence for the following series:
Z( "an i 3" i (-)" (x-1)*
n=1 n*+3 n=1(n2+1)(x'2)n n=1 ant

(9 marks)
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2-¢) Find Envelope of f(x, y, a) = xcosa+ysino. = P, a is
the parameter
(6 marks)

2-d) Find the dimensions of the rectangular box with the
largest volume with faces parallel to the coordinate planes
that can beinscribed in the ellipsoid 16x%+ 4y?+ 97° = 144,

(6 marks)

3-a) Find the first four terms in each portion of the series

solution for the following differential equationy - xy = x+4

(10 marks)

3-b) Find al relative extrema and saddle points for
f(x,y) =-x*-4x -y*+2y - 1
(6 marks)
3-c) Solve the following differential equations:
i) xydx +(x? + y)dy=0, )y -xy= &< cosx,
i) (xy - x°) dy-y’dx=0, iv) (D* 4D?*+5D -2)y=0
(12marks)
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4-a) Evaluate the following integrals

3/9-x2
) [ [ Jx?+y?dydx i) ‘Lsin(ny) dx + yx2dy, cis
30
line segment from (0,2) to (1,4)
(12 marks)

4-b) Solve the following differential equations:
Y'=3y 42y =2y, v -2y +y = (C- 1) € + (3x+A) €

y'+5y +4y = eX cos2x

(12 marks)
BOARD OF EXAMINERS: Dr.Eng. Khaled EL Naggar

khkkhkkhkkhkkkhkhkkkhkhkkkikhkkk*k

Model Answer

oo 5n2-3n3,5n . -5n2-3n3.5 3.5
1a) M;orj[ T = PRS2 = [-31° < 1, thus

© 2 a3 5
Z[Sn 33n ]5n is convergent
A= In°+2

n+1 )(42”+1(n+1))

ii) By ratio test, we get that |im ( =

—>00 42n+3(n_|_2)

= 1/16 < 1, therefore the seriesis divergent.
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. T o B 0 ~ B B
i) Since|—=——dn=(tan"1e") =tanlw-tanle=-tanle,
) J1.e2”+1 ( )1 ”

therefore ¥ —— isconvergent.
r;ezn +1 J

© 0 o0 2
iv) The series > Vi, => n¥is divergent, thus » L
n=1 n=1

n=1 %2 +1
8/5 n?
conver gent as n >
In2+1

1b-i) By separation method, we get xe* dx = cos’ydy,
therefore xe*- € = [y + (sin2y)/2]/2

ii) By separation method, we get dy/y + (tanx - cos’x)dx = 0,

so dyly + (tanx — (1-sin®x)cosx) dx = 0

Therefore the solution isIny + [-Incosx - sinx+ (sin°x)/3] = ¢

dy _x+y+3

o x—y+1's non homogeneous equation. To

i) Since
solve this differential equation, we have to follow these steps

(1) We have to get the point of intersection between

X+y+3=0, x-y+1=0whichis(-2,-1),
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(2) Put x=X-2, y=Y-1, dx=dX,dy=dY in the above

: - - dy X+Y L
differential equation, then X -x=y' % it is a

homogeneous equation,
vadX+Xdv X +vX

(3) Put Y=vX = dY =vdX + Xdv, thus

dX  X-vX
_1+v
1-v
dX _ (@-v)dv _ Y _y+1
(4) Integrate=g~ =< =5~ then put X=x+2, v=g =77 0
that the solution of the D.E. is Ln(x+2) = tan'l(%) ]

1|n((Y+1()2+g<2+ 2% ic

iv) x(6xy + 5) dx +(2x° + 3y)dy=0 is exact D.E. since

oM _ON _ of _
oy X 6x% thus X M(x,y)= X(6xy + 5), therefore
f(x,y) = 2 + 5522 + o(y), thus T = 233 +¢/(y) = 25+ 3y,

oy
hence d(y) = 3y%2, therefore solution is f(x,y) = 2x°y +

5x%/2 +3y%42 + C
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2a) We have to get f,, f, ,
o= 1 1 _ 1 -1 1

x+y " x-y' Y x4y x-y % (X+y)2 (x-y)?
-1 1 _ 11
K2 Y2 YT )+ y)2 (x-y)?

Therefore: at (0, 1), f(0,1) = 0,f, =2,f, =0, f,x=0, f,, =0,

XX 1 fXy ’ fyy SUCh that

XX

fyy =

f,y = -2, therefore f(x,y)= f(0, 0)+ i ( £,(0,00 (x-0) +

f0.0(-0) +5 ( fu0D(X-07 + 2x-0) (y-1) F(0, 1+

f,,(0, 1) (y-1)°) , therefore f(x,y) = 2x + x (y-1)

2n _ 2n+2
2b-i) Since U,, = (1)2—)( and U+1—(1)—X2 hence
n<+3 (n+1)<+3
Upaa|_| (02322 | i (Ul _ i | (02492 |
‘ U, ‘ ‘[(n+1)2+3]x2n‘ n—ol U, = (n+1) +3]‘

rI]i_r>ro1ox2<1 to be convergent, so —1<x<1 is the interval of

convergence.
n n+l
i) SinceUp= 2 & Upy= 3 _
(N*+1(x-2) (N+1)2+1)(x-2)
hence|un+1 ‘ (n2+1)(x 2) ‘ ‘ 3(n2+1)

Un | 3" (n+1)2+)(x-2)™ ] [(0+12+D(x-2)[
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lim ol 3m2+) [

3
| (N+1)2+D(x-2)| <1

Therefore lim ‘ n+ll —
N—o0

8

to be convergent, hence ‘X—Z‘ >3, thus x >5o0r x <-listhe

interval of convergence.

L _ (-1)" (x-1)2n _ (_1)n+1(x_1)2n+2
iii) Since U, o , and Upy 2n+2)! ,
Uy _| (D™ D2 20t | (x-1)2

[ Un | ‘( 1)" (x- 1)2“(2n+2)l‘ (@2n+2)(2n+1) |’ thus

ence

Un+1

| (x-1)2
U I|m

%w‘(2n+2)(2n+1)‘ 0 hence series is

lim
N—o0

convergent for al x.

2-C) %(XCOSOL +ysino. = P) , therefore -xsina +ycoso = 0,
thustana =y/ X, S0 cosa. = X sna=-—-Y__ hence

x2+y2 x2+y2
envelopeis x2+y2 = P~

2-d) f(x,y,2) = xyz, d(X,y,z) =16x° + 4y* + 97° = 144 and
fx= Aoy, fy= Aoy and f,= A ¢, therefore yz = A(32x),
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Xz = A(8y) & xy = A(182), thusy = 2x , z = 4/3 X, thus
X =+/3, y=2+/3,z=4/34/3, so thelargest volume = 8+/3.

38 Consder; y()=3a,()" V()= na,x)".
n=0 n=1
y'(x)= 3" n(n-1) a,(x)"?. Substitute in the above D.E., we
n=2
get i n(n-1) a,x"?-x i anXx" = x+ 4, thus i n(n-1) a,x"2-
n=2 n=0 n=2

> a X" = x+ 4. Put n = m+2 for 1% term and n = m-1 for

n=0

2" term, thus i (m+2)(m+1l)a_ x™- i a_ XM = x+4,
m=0 m=1

therefore 2a, + i [(Mm+2)(m+1)a,,,-a XM =x+4, 503 =
m=1

2& = 1+ ]/6,(m+2)(m+l)a -2 ,=0,m=23, ..

3b) Find the first partial derivatives f, and f, such that

fu(x)y) =-2x-4 ,f(x)y)=-2y +2

Determine the critical points by solving the equations

fx(x,y) = 0 and f(x,y) = 0 simultaneously, hence-2x -4 =0,

-2y+2 = 0, therefore the critical point is (-2,1), then determine
the second order partial derivatives such that: f(X,y) = -2,
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fy(Xy) = -2, fy(Xy) =0, hence A > 0, therefore it is a

maximum point.

3ci) M(xy) = xy & N(xy) = X°+y, we have

M _
oy

such that d“ = [ MMy dyzj%dyzln y. Thus the new

X, a—')\(|=2x jitisclear that integrating factoris p =y

equation (y2x Ydx + (X?y+y?) dy = 0 is exact, therefore

2 2 3
f(x,y) = L2 +%.

i) u(x)=exp (j-x dx) = exp(—x2/2), J' u(x) q(x) dx = [ (cosx)dx

=sinx, thereforethe solutionisyexp(—x2/2) =sinx +c

i) The D.E is homogeneous, thus put y = vx, so
dy = vdx + xdv, from which the D.E. will be

vax+xdv _ (VX)? _ v2

v s R v therefore —v dx + (v-1)x dv = 0

thus Inx + In(y/x) — y/x = c is the solution.

iv) The characteristic equation is r3—4r?+5r-2=0, therefore

r=2 1, Ithusy. = (c; €™+ c, €+ ¢, x€)
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da-i) Put x =r cose, y =r sine, therefore

Jox2
b

QW —w

3
Jx2+y2 dy dx= ][ r2 dr do =9z
00

i) Since the contour integration is the line joining (0,2) and
(1,4) such that y = 2x + 2, therefore dy = 2dx, hence

£si n(ny) dx + yx2dy = }s N(2nx) dx + (2x +2)x?(2)dx
0

————4(X +§x) =3

21 0

sin(2nx) dx + 4(x3+x2)dx =

o—r

4b-i) The characteristic equation is r>—3r+2=0, therefore
r=2, 1, thus y, = (c; €* + ¢, €) , and y1(x) = €, y(X) = €°,

therefore  W(y,Y,) =Y,¥;-Y,¥;=-€%, o(x) = %’

Yo 90X) o or €2 o x X y,9(X)
jmdx— 2f fyerdx =2[€”-In(1+€™)], j—W(lyl,yZ)dx

- e — -X - _ yzg(x)
= ijdx = 2In(1+e™), but Yp (X) yljmdx +

YO G thus Y = Y4y
Yol Wiy, y,) & cr P
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ii) The characteristic equationis r>’—2r+1=0=r=-1,-1, so

1

m[(xz-l)ezx + (3x+4) €

Ye = (C1€7 + Cox€), Yp(X)=
2x 1 2 1 2x 2102
=™~ (X°-1)-€ = (3x+4) =e”[1-2D +3D°](x"- 1

7 an 1 00 D, (k) = € 16¢- 1)
- (X2 +2%9)
iii) The characteristic equation is r+5r+4=0= r = -4, -1,

1
DZ+5D +4

therefore y, = (¢, €™ + ¢, €%), Yp = eX cos2X

= X 1 cos2x = e 1 COS2X
(D+5)2+5(D+5)+4 D2 +15D +54

_ x 1 _ «  (15D-50)
e DTG COS2X e 52ED? 4 2500 COS2X

— &5x (=30sin2x-50c0s2x)
225(-4) +2500
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Benha University Final Term Exam
Faculty of Engineering- Shoubra = Date:2" of January 2012
Mechanical Engineering Mathematics 1

1%' Year Mechanical (production) Duration : 3 hours

1-a) Test the following series for convergence:
2

5n?-3n3 5n N Lo T
) Z[ 2] ) nzzl(Sn+1)! ) nZzl:Bn2+2n
(12marks)
1-b) Solve the following differential equations:
i) (y + In(x))dx +( x+y*) dy = 0 i)y = (y/2x) - (xy)’
i)y +y = 1+ tanx iv) Yy + 2y + 2y = € sin?(2x)
“_ o dy  x+y+3
v)y = (xly) + tan(xly) Vi) G “X—yil
(24 marks)
X+Yy
2-a) Expand the function f(x, y) = sin'l(x_y) using Taylor series
about (0,1)
(8marks)
2-b) Find theinterval of convergence for the following series:
& 3" > (D" L& (X-2)"
i i
nzzl(n2+1)(x-2)n ) nzzl(Zn +1)! x> ) nzzl n3+1
(12 marks)
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2-c) Find Envelope of f(x, y, t) = %

+Fyt:l’ t isthe parameter

(6 marks)

2-d) Find the dimensions of the rectangular box with the largest

volumeif thetotal surface areais 64 cm?.

(6 marks)

3-a) Find the first four terms in each portion of the series solution
around x = O for the following differential equation (1+x?) y™~ - xy~ +
ey =0

(10 marks)

3-b) Find all relative extrema and saddle pointsfor f(x, y) = 3x* + y°
+OX-4y+6

(8 marks)
4-a) Evaluate the following integrals
3v/9-x2
i) | [ x?+y?dydx i) [sin(ry) dx +yxdy, c is line
3 0 C
segment from (0,2) to (1,4)
(12 marks)

4-b) Find the volume of the parallel epiped spanned by the vectors

u= (10,2 v = (0,2,3) w = (0,1,3)
(7 marks)
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M odel answer

1a

5n2-3n3,5n
I)Lm\/[ 7n3+2 ]

=[-=] <1= =
s +2 =] " Tn3+2

5n2-3n3,5 3,5 2\ 5n2-3n3,5n
ml[ ] Z[

=lim
n—

IS convergent.

(1+1)° e Yna_ (1+1)° @n+)!
(Bn+4)!” U, @n+d)! 2

0 2

(n+1)° y n
; = lim="Ml=0<1, 0 Z—I is
(3n+4)(3n+3)(3n+2)n e Uy ~ (3n+1!

larii) Since Upg

convergent,

2

is convergent, thereforez T

1a-iii) The series ivn =i
n=

isconvergentas — > _—— :
3n=  3n“+2n

1b-i) (y + In(x))dx +(x+y?) dy = O is exact D.E. since I N _ 1

oy OX

thus S—L: M(x,y)= (y +In(x))=1f(x,y) =xy + XLnx - Xx + ¢(y), thus

of

oy =X )= x+y?, hence o(y) = v + 2y + 2y = & sin(2x)y¥/3,

therefore solution isf(x,y) = xy + xLn x - x + y%/3+ c.
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1b-ii) y* = (y/2x) - (xy)® isBernoulli D.E. , thereforey®y- y%2x =
-x3. Putz=y? therefore  z=-2y°y’, thusz'+ z/x = 2x* whichis
linear D.E. whose solution iszx = -2 x°/ 5+c, hence xy?=-2x/5+c
isthe solution of D.E.

1b-iii) y +y =1+ tanx has homogeneous and particular solution so
that the characteristic equation is m? +1=0= m = -i, i, thus

yn = (€1 cosx + ¢, sinx) and so the particular solution isyp = Uy (X) COSX

+ Up(X)SinX, y1(X) = CosX, Y(x) = sinx where u,(x)=—| V\)//Eg();/) ) dx,

UZ(X):I#();))C’X’ W(yl,y2)=y’2y1—y2y,1=l, g(x) = 1+ tanx
v Y2

sinx (1+ tanx) dx =
1 =

therefore  u,(x) =—| — cosx +In(secx +tanx) -sinx,,

uy(x) =] coX (11+ %) gy — sinx - cosx

1b-iv) y + 2y" + 2y = € sin®(2x) has homogeneous and particular
solution so that the characteristic equation is m® + 2m+2=0 =

m = -1+i, thus yy= € (c,cosx+ ¢, sinx)and so the particular solution

: 1 :
IS yp = —e"smzx:— 1-cos2x) = —[=-
R T D? 2D+2( 2 ) [
(8sin2x + c052x)]
65
dy _X+y+3;
1b-vi) Since X~ Xy 1|s non homogeneous equation. To solve

this differential equation, we have to follow these steps
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(1) We have to get the point of intersection between x + y + 3 = 0,
X-y+1=0whichis(-2,-1),
(2) Put x = X-2,y = Y-1, dx=dX,dy = dY in the above differential

dyY X+Y

XXy solitisa homogeneous equation,

equation, then

vadX+Xdv _ X+vX 1+v
dX  X-vX 1-v

Y y+1

(3) Put Y =vX, & dY =vdX + Xdv, so

dX _ @-v)dv

(4) Integrate X v then put X=x+2, V:Y—mso that the
solution of the differential equation is Ln(x+2) = tan'l())(’TJr;) -
%|n((y+1():jg(2+2)2)+c

2a) Since f(x, y) = tan'l(%), therefore f, = x2_+yy2 ,fy = " I v3
e i v el (xy22+_ ?2)2 |
ALOD), 0 = -7, f,=-1,1,=0, = fwz(xzi%= 0, = 1,

then by substituting in Taylor formula, we get f(x, y) = —% -X + X(y-1)

n+l

2b-i) Since U, = S m,and Upg = 3 T
(n*+D(x-2) (N+1)2+1)(x-2)
U 3" N2+ 1) (x-2)" 3(n2+1) |

s heref
3" (n+1)+1)(x-2)™| [(1+1)*+1)(x-2)| theretore
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3
*|(x-2)

hence [x-2|>3, thusx > 5 or x < -listheinterval of convergence.

n+l

Un

Ciml 3+ | im

”_”0‘ ((n+1)? +1)(x - 2)‘ < 1 to be convergent,

lim
N—oo

( 1)n ( 1)n+1
2b-ii) S n= - : 1 = - ,h
b-ii) SinceU G+ D) and Uy (2n+3) X2 ence
Una| _[@n+1)1x| | 1 | lim|—02 = 0 js
2n+3 2

n n
U, | |2n+3)x%3| " |2n+3)2n+2x?|  now| U
convergent for all x.

n n+l
2b-iii) SinceUp= %22 and U, = *°2  hencethe | -
n°+1 (n+1)3+1° U,

LR+ 0-2™ || [y | vl < 1 thus

(x-2)"[(n+12+1] | (n+1)3+1](x-2)\ > U,
‘x—2‘>1,sothatx>3,x<1.

2c) Differentiate w.r.t. t such that —x/t* — y(1-t)*(-1) = 0, therefore

%
t= 1 g1i=_Vx_

1iﬁ 1+\P

X X

2d) f(x,y,z) = Xyz, ¢ (X,y,z) =2[xy+yz+xz]=64 and fy= A, fy= Aoy

and f,= A ¢, therefore, x =y =z= \/% o largest volume = ,/(3—32)3.

, thus the envelope is (1+\f )(Xtxy) =1
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3a) Let y(x)= Z,)anX” y'(X) :Z‘in ax™, y'(x)= Zzn(n-l) anx"?,
n= n= n=

therefore (1+x%) i n(n-1) a,x"2 - xin ax"t+ 6?‘anxn =0
n=2 n=1 n=0

3b) f,=6x + 9 = 0, f,=2y + 4 = O, therefore (-3/2 , 2) is the critical
point, hence (0,0), and f,« =6, f,,= 2, f,,=0. At (-3/2,2), A=12>0
( minimum point)

34/9-x2
dai) Putx=rcose,y=rsino,therefore[ | (x?+y2dydx=
3 0

o—w

T
[r?drdo=9n
0

daii) Since the contour integration is the line joining (0,2) and (1,4)

such that y = 2x + 2, therefore dy = 2dx, hence [sin(ny) dx + yx2dy
Cc

= [Sin(@nx) dx + (2x + 2)x?(2)dx = [Si(2rX) dx + 403 +x2)dx
0 0

1
+(x4+fx3) =
3 7

_ —Cos(2nx)

7
21 3

4b) Volume=ue (VXW) =

o O B

R N O

W W N
(l;lo
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Luestion Bank
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1- Determineif the following seriesis convergent or divergent.

& (10" & n? (-1)" & n+2
Z42”+1(n+1) nz::l(Zn—l)!’ Z(n2+1) —2n+7’

n=1

L ~5n-3n3" & 1 n
r,Z::l3<1+2”)’ r,Z:“l[7n3+2]’ nZ3”+n’ ;nz—cosz(n)’

=1
o 2 0 2 0 n-3 0
Z n-+2 Z 4N~ +n Z (-1) Jn Z cos(nm)
] n*+5 37 1 n3 ~ n+4 Lt Jn
2n2 +1 < 4 < 1 = 2
, : ne"
i Zawea Lo
0 n 0 0 n 0 n+l
n(n) (-1) (-1)

2- Find interval of convergence for the following series and
determine the behavior of the series at the endpoints of the
interval. State clearly where the series converges absolutely,
where it converges conditionally, and where it diverges

S (D)X X S (D" S 13y 20
'nZ::lzzn(n!)z | Zln! | nz=:1(2n+1)!xzn+l | nZ::1 |

n=

DX &S(D)"(x-6)" & (D" (x-D* & (x-3)"
Z:: 3"(nh? Z n3" le 2nt ;T
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3) Find the critical points and classify the following functions
a) f(x,y) = x>+ x y*-3x°-4y*+ 4

b) f(x, y) =x*+y*+ X"y +4

c) (X, y) = 9- 2x+4y- x*- 4 y*

d) f(x,y) = xy -2x-y

e) f(X, y) = 1+ xy -x-y

2\/2
) f(x, ) =255

4) A box having a square base and an open top is to contain
108 cubic feet. What should its dimensions be so that the

material to make it will be a minimum? That is, what

dimensions will cost the least?
5) Find the dimensions of the rectangle that, for a given

perimeter, will have the largest area.

6) Find the dimensions of the rectangle with the most area
that can be inscribed in a semi-circle of radius r. Show, In

fact, that the area of that rectangleis r2
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7) Find the maximum and minimum values of f subject to the

given constraints

a) f(x,y) =x*-y*, x*+y* =1

b) f(X, y) = x4, xX’+2y*=6

0) f(x, y) = 2x + By + 10z, x>+ y*+ Z* =35

8) Find the points on the surface z° = xy + 1 that are closest

to the origin.

9) Find the dimensions of the rectangular box with the largest

volume if the total surface areais 64 cn?.

10) A cardboard box without a lid is to have volume of
32,000 cm®, find the dimensions that minimize the amount of
cardboard used.

11) Solve the following Differential equations

~_ —2X+5y

Y= xwy (3xy+y?) dx + (x*+xy) dy =,

y'=y + sin(x), Xy  +y=-x°, y+y/x=-2,
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y =€, Xy - sin(x)/y =y Ln(x), y'= cosy -ye*

e +xsiny’

2
y = x4y, Yy = nyzx Y= () + tan(xly),
y' = X(2Lnx+1)/(siny+ycosy), y-xy =a(y’+y),

y =y e-28+y-2,  y =x(cox)y, Y =(y/2x)- (xy)°,

y' = -2xy + 2X, y* =y tanx — Cosx, y2-xy + X°y"=0,

y= Y . 1+ X2 X yy' 1+y

_1+x2 1-x2 '’ \/y2+xz+\/y2+xzzo’ 1+x+y =0,

y\ =JY—X (Hiﬂt: put JY—X= t), X2+ y/x + Ln(xy) y‘ =0,

1+y + (2y + 2 y2)y\ =0, 1- x2)-|(-y2 — xzy-?-/yz =0

Y+ 2y + 2y = € sin?(2x), Y™ +y = sec(x),

y Uy yy=¢€, yUHy=lttax, yU+y=0
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16y~ +8y +y=0, Yy +5y +6y=2-x+3x

“ 43y + 2y = € cosx, “y3y+oy= L
y Y y COSX y Y y (1_|_ex)2

12) Solve the differential equation (the so called driven and
damped harmonic oscillator) Yy +yYy + o’y =hcos(Qx),
where vy > 0, o, h, and Q are constants with some given

numerical values. What happensin thelimit y >0if o = Q7?

13) Determine the general solution of the following systems

of linear differential equations

y =-6y+4z, z =-8y+2z

y =-8y-10z, z =5y +7z,y(0)=1,20)=0

y' =(N2-Dy+(2/V3 +1)z, 7 =-J3y+ (V2+])z

14) Find Series solution for the following D.E."s about x =0

2X°y =Xy + (1+x) y =0, IX° Yy - (4+x)y =0
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25 x°y+ 25Xy -(x+1)y = 0, Xy -y +xy=0

X“y - xy + (x+1)y =0, xy -y =0, y - xy =20

15) GivenR = (x, Yy, z) sothat r = IRl = |x2+y2+22. Show
that V (") = nr"? R, for any integer n, then deduce grad (r),
grad (r"), grad (1/r).grad (c.R), curl (cXR) where c is a
constant vector. Find the values of n for which V2( r") = 0,

div(r" (c X R)); (ii) curl(r" (c X R)).

16) Provetheidentities

(i) curl grad f = 0; (ii) curl(f F) = f curl F + gradf X F;
(iii) div(f F) = f divF + (grad f) . F, Let f and g be smooth

scalar fields and F and G smooth vector fields.
17) Let F = (x%, yz, x + 2). Find curl curl F; grad div F.

18) Let F=(sin(y-2z),xcos(y-2z)—1,-xcosly-2z)+2z).
Show that curl F = 0 and find a scalar field ¢such that
F=grad ¢.
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Dmpovtant Rules
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| mportant ruleson trigonometric functions

sSin(x+Yy) = SiNXcosy +Ccosx siny

SIN2X = 2 SiNX COSX

cos(X+y) = COSXCOSy FSinx siny

COS2X = COS” X - SiN° X

cosxcosy=[cos(x-y)+ cos(x+y)]/2

cos’ X +Sin°x =1

sinx siny=[cos(x-y)-cos(x+y)]/2 | cos’ x = {1*C05X
sinxcosy= [sin(x-y) + sin(x+y)]/2 | sin® x = (1'CSSZX)

sinx = cos(90-0)

tanx = cot(90-0)

cosx = sin(90-0)

cotx = tan(90-0)

tan® x = sec” x -1

cot* X = csc” X -1

Important rules on hyperbolic functions

sinhx = ex_ze_x , coshx:%, coshx + sinhx = &
tanhX:sinhx X —eX cothx= 1  coshx e +e¥X

coshx e+eXx’

tanhx sinhx e —eX

1 2

O = Gnhx = e —ex

sechx =

1 _ 2
coshx e +e*’

sinh(x+y) = sinhx coshy + coshx sinhy
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cosh(x+Yy) = coshx coshy + sinhx sinhy

sinh2x = 2 sinhx coshx, cosh2x = cosh® x + sinh® X

cosh? x = (1+cozsh2x)  §nh?x = (coshZZx-l) ’

cosh® x-sinh® x = 1, tanh® x =1-sech® x, coth® x = 1+csch® x

| mportant rules on logarithmic functions

1) loga{xy] = l0g4[x] + l0g4]y]
2) logd[x/y] = logd[x] - logdy]
3) 10ga[X’] = yloga[x]
4) logx] =Inx /Ina

| mportant rules on derivatives

Function First derivative
0 C;3)1([(;f(x)] _ g;cf(x) Inc
Infe) | o= 700
sin f(x) Cg([sin £(X)] = gf([cosf(x)]
cos f(x) do)'([cosf(x)] _ —gf([gn £(3)]
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tan f(x) dc)l([tan £(%)] :3; sec2f(x)
sec f(X) (g([secf(x)] =gf( secf(x) tan f(x)
cosec f(x) £([cosecf(x)] =—g|'; cosecf(x) cot f(x)

cot f(x) dc)'([cot f(x)] = _SII( cosec?f(x)

1
arccosf(x) C(I])l([arccosf(x)] =— v g;‘(

: 1
o) | TN 1-{f ()] o

d _ 1 df
arctan f(x) &[arctan f(x)] = T o

d - 1 df
arccot f(x) | gy larccot fx)] = et oo &

arcsec f(x) dc)l([arcsec f(x)] = 1 g;‘(
[f IV IF (0151

1 o
N

arcesc f(x) dc)l([arccosec f(xX)] = -
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cosh f(x) dc)l([cosh £(X)] = g'f([g nh ()]
sinh £(x) (g([si nh f(x)] = gf([cosh £(%)]
tanh f(x) £([tanh £(%)] =gf( sech2f(x)
sech f(x) O‘f)'([sech £(X)] =—gf( sech f(x) tanh f(x)
csch f(x) dc)l([csch F(%)] = -gf( csch f(x) coth f(x)
coth f(x) (g([coth F(%)] = —gf( cosech2f(x)
d 1 1 df
cosh f(x) | gylCOSN™ T(X)] = \/72dx
[F()1°-1
| 1
sinh™ f(x) cﬁds' nh f(x)] = e gj(
i) | S [tanh f(x)] = - [fl( e o
ot i | dleothifooy= b

1 [ ()] ¥
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1 df

sechif(x) | xS0 001 =

F(X)y/1-If ()] o

csch™ (x) &[CSCh'l f(x)] =

1 o
fo 11 (012

Table of important integrals

fﬂ“ = u™ ¢
n

inIl‘t.I du—= —cosu+C

fmaudu:ainu—l—ﬂ

fﬂ&(:“u du = tanu+ C
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/Eecutanu diu =secu—+C

/mcau du—= —cotu+C

fuacucotu du—=—meutC

fta,nu du = In|secu| + C = —In|cosu| + C

/Ba[:u du—In |secu+ tanu| +C

[ o=t (5)+0
/aﬂiuﬂ du = %tan‘l (E) +C

i | U

./u ’—n—“l_ﬂ du=aaec_1(a)—|—0

/' 1 d;'uzllnn—l_u

a? — y2 2a a—1u

[+

/ain_luduzuain_lu—l—\fl—uﬂ—l—()
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fma—ludu=umﬂ—1u—y’l—u=+ﬂ

/ta;ﬂ_lu dit — utan 1 u — %h(uz—l— 1)+C

fmt_lu duzucut_lu—l—%ln(ua—l—l) +C

f&ec_lu du=uﬁe{:_1u—ln(u—|—ﬁu3— 1) +C

fusﬂ_lu dis =ucsﬂ_1u—|—ln(u—|—fu2 — 1) +C

/e““duzle"“+0
a

fue““ du = ll[m.:—1]-.\v3""“—|—~!f3‘

a2

/u’e‘“‘ diu = ! (ﬂgua— 2au+2)e™ +C

T ad

/u’e‘“‘ di — lﬁ (ﬂ:'u2 — 2au+2)e™ +C
a
fe““ainfm dr — u’—}—bﬂew {asinbu — becosbu) + C
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fﬂ““cm!m du = ﬂa—ibne‘“‘ {acosbu + beinbu) + C

fluudu:u]nu—u+c

/uf[u]duzaff[u] du

[ir@+odu= [ 1@ du+ [g0) au

[ g du= [ 1 du— [ow) du

[las )+ du—a [ 1) durd focu) du

f u dv = uv — f v du
(Dntegration by pavts)

3 a
ff(u]du=—f () du
a b (Definite integratl)

/:_f[u}duzi/.:_f[u}du—l—/:_f[n]du

(Definite integratl)
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